A contravariant pseudo-Hessian manifold is a manifold M endowed with a pair (∇, h) where ∇ is a flat connection and h is a symmetric bivector field satisfying a contravariant Codazzi equation. When h is invertible we recover the known notion of pseudo-Hessian manifold. Contravariant pseudo-Hessian manifolds have properties similar to Poisson manifolds and, in fact, to any contravariant pseudo-Hessian manifold (M, ∇, h) we associate naturally a Poisson tensor on T M. We investigate these properties and we study in details many classes of such structures in order to highlight the richness of the geometry of these manifolds.
Introduction
A contravariant pseudo-Hessian manifold is an affine manifold (M, ∇) endowed with a symmetric bivector field h such that, for any α, β, γ ∈ Ω 1 (M),
for any X, Y, Z ∈ Γ(T M). The book [13] is devoted to the study of Hessian manifolds which are pseudo-Hessian manifolds with a Riemannian metric.
In this paper, we study contravariant pseudo-Hessian manifolds. The passage from pseudo-Hessian manifolds to contravariant pseudo-Hessian manifolds is similar to the passage from symplectic manifolds to Poisson manifolds and this similarity will guide our study. Let (M, ∇, h) be a contravariant pseudo-Hessian manifold. We will show that T * M has a Lie algebroid structure, M has a singular foliation whose leaves are pseudo-Hessian manifolds and T M has a Poisson tensor whose symplectic leaves are pseudo-Kählerian manifolds. We investigate an analog of Darboux-Weinstein's theorem and we show that it is not true in general but holds in some cases. We will study in details the correspondence which maps a contravariant pseudo-Hessian bivector field on (M, ∇) to a Poisson bivector field on T M. We study affine, linear and quadratic contravariant pseudo-Hessian structures on vector spaces and we show that an affine contravariant pseudo-Hessian structure on a vector space V is equivalent to an associative commutative algebra product and a 2-cocycle on V * . We study right invariant contravariant pseudo-Hessian structures on a Lie group G and we show that TG has a structure of Lie group (different from the one associated to the adjoint action) for which the associated Poisson tensor is right invariant. We show that a right invariant contravariant pseudo-Hessian structure on a Lie group is equivalent to a S -matrix on the associated left symmetric algebra (see [2, 4] ) and we associate to any S -matrix on a left symmetric algebra g a solution of the classical Yang-Baxter equation on g × g. Finally, we show that an action of a left symmetric algebra g on an affine manifold (M, ∇) transforms a S -matrix on g to a contravariant pseudo-Hessian bivector field on (M, ∇). Since the Lie algebra of affine vector fields of (M, ∇) has a natural structure of finite dimensional associative algebra, we have a mean to define contravariant pseudo-Hessian structures on any affine manifold. The paper contains many examples of contravariant pseudo-Hessian structures.
The paper is organized as follows. In Section 2, we give the definition of a contravariant pseudo-Hessian manifold and we investigate its properties. In Section 3, we study in details the Poisson structure of the tangent bundle of a contravariant pseudo-Hessian manifold. Section 4 is devoted to the study of linear and affine contravariant pseudo-Hessian structures. Quadratic contravariant pseudo-Hessian structures will be studied in Section 5. In Section 6, we study right invariant pseudo-Hessian structures on Lie groups.
Contravariant pseudo-Hessian manifolds: definition and principal properties

Definition of a contravariant pseudo-Hessian manifold
Recall that an affine manifold is a n-manifold M endowed with a maximal atlas such that all transition functions are restrictions of elements of the affine group Aff(R n ). This is equivalent to the existence on M of a flat connection ∇, i.e., torsionless and with vanishing curvature (see [13] for more details). An affine coordinates system on an affine manifold (M, ∇) is a coordinates system (x 1 , . . . , x n ) satisfying ∇∂ x i = 0 for any i = 1, . . . , n.
Let g be a pseudo-Riemannian metric on an affine manifold (M, ∇). The triple (M, ∇, g) is called a pseudo-Hessian manifold if g can be locally expressed in any affine coordinates system (x 1 , . . . , x n ) as
That is equivalent to g satisfying the Codazzi equation (1.2) . When g is Riemannian, we call (M, ∇, g) a Hessian manifold. The geometry of Hessian manifolds was studied intensively in [13] . 2 We consider now a more general situation. 
for any α, β, γ ∈ Ω 1 (M). We call such h a pseudo-Hessian bivector field.
One can see easily that if (M, ∇, g) is a pseudo-Hessian manifold then (M, ∇, g −1 ) is a contravariant pseudo-Hessian manifold.
The following proposition is obvious and gives the local expression of the equation (2.1) in affine charts. Proposition 2.2. Let (M, ∇, h) be an affine manifold endowed with a symmetric bivector field. Then h satisfies (2.1) if and only if, for any m ∈ M, there exists an affine coordinates system (x 1 , . . . , x n ) around m such that for any 1 ≤ i < j ≤ n and any k = 1, . . . , n n l=1
1. Take M = R n endowed with its canonical affine structure and consider
where f i : R −→ R for i = 1, . . . , n. Then one can see easily that h satisfies (2.2) and hence defines a contravariant pseudo-Hessian structure on R n . 2. Take M = R n endowed with its canonical affine structure and consider h = n i, j=1
Then one can see easily that h satisfies (2.2) and hence defines a contravariant pseudo-Hessian structure on R n . 3. Let (M, ∇) be an affine manifold, (X 1 , . . . , X r ) a family of parallel vector fields and (a i, j ) 1≤i, j≤n a symmetric n-matrix. Then h = i, j a i, j X i ⊗ X j defines a contravariant pseudo-Hessian structure on M.
The Lie algebroid of a contravariant pseudo-Hessian manifold
We show that associated to any contravariant pseudo-Hessian manifold there is a Lie algebroid structure on its cotangent bundle and a Lie algebroid flat connection. The reader can consult [10, 12] for more details on Lie algebroids and their connections. 3
Let (M, ∇, h) be an affine manifold endowed with a symmetric bivector field. We associate to this triple a bracket on Ω 1 (M) by putting
and a map D :
for any α, β ∈ Ω 1 (M) and X ∈ Γ(T M). This bracket is skew-symmetric and satisfies obviously
Theorem 2.4. With the hypothesis and notations above, the following assertions are equivalent:
In this case, D is a connection for the Lie algebroid structure
Proof. According to [ 
Suppose now that (i) or (ii) holds. For any, α, β, γ ∈ Ω 1 (M),
Let us show now that the curvature of D vanishes. Since [dx i , dx j ] h = 0, it suffices to show that, for any i, j, k ∈ {1, . . . , n} with i < j,
∂h ik ∂x l dx l and then
The following result is an important consequence of Theorem 2.4. 1. The distribution Imh # is integrable and defines a singular foliation L on M.
2. For any leaf L of L, (L, ∇ |L , g L ) is a pseudo-Hessian manifold where g L is given by g L (h # (α), h # (β)) = h(α, β).
We will call the foliation defined by Imh # the affine foliation associated to (M, ∇, h).
Remark 2.6. This proposition shows that contravariant pseudo-Hessian bivector fields can be used either to build examples of affine foliations on affine manifolds or to build examples of pseudo-Hessian manifolds.
For the reader familiar with Poisson manifolds what we have established so far shows the similarities between Poisson manifolds and contravariant pseudo-Hessian manifolds. One can consult [8] for more details on Poisson geometry. Poisson manifolds have many relations with Lie algebras and we will see now and in Section 4 that contravariant pseudo-Hessian manifolds are related to commutative associative algebras.
Let (M, ∇, h) be a contravariant pseudo-Hessian manifold and D the connection given in (2.4) . Let x ∈ M and g x = ker h # (x). For any α,
where α, β are two differential 1-forms satisfying α(x) = a and β(x) = b. This defines a commutative product on g x and moreover, by using the vanishing of the curvature of D, we get:
Near a point where h vanishes, the algebra structure of g x can be made explicit.
Proposition 2.8. We consider R n endowed with its canonical affine connection, h a symmetric bivector field on R n such that h(0) = 0 and (R n , ∇, h) is a contravariant pseudo-Hessian manifold. Then the product on (R n ) * given by
is associative and commutative.
Proof. It is a consequence of the relation D dx i dx j = dh i j true by virtue of (2.4).
The product of contravariant pseudo-Hessian manifolds and the splitting theorem
As the product of two Poisson manifolds is a Poisson manifold [15] , the product of two contravariant pseudo-Hessian manifolds is a contravariant pseudo-Hessian manifold.
Let (M 1 , ∇ 1 , h 1 ) and (M 2 , ∇ 2 , h 2 ) be two contravariant pseudo-Hessian manifolds. We denote by
, we denote by X+Y the vector field on M given by (X+Y)(m 1 , m 2 ) = (X(m 1 ), Y(m 2 )). The product of the affine atlases on M 1 and M 2 is an affine atlas on M and the corresponding affine connection is the unique flat connection ∇ on M satisfying
. Moreover, the product of h 1 and h 2 is the unique symmetric bivector field h satisfying Proof. Let (m 1 , m 2 ) ∈ M. Choose an affine coordinates system (x 1 , . . . , x n 1 ) near m 1 and an affine coordinates system (y 1 , . . . , y n 2 ) near m 2 . Then
and one can check easily that h satisfies (2.2).
If we pursue the exploration of the analogies between Poisson manifolds and contravariant pseudo-Hessian manifolds we can ask naturally if there is an analog of the Darboux-Weinstein's theorem (see [15] ) in the context of contravariant pseudo-Hessian manifolds. More precisely, let (M, ∇, h) be a contravariant pseudo-Hessian manifold and m ∈ M where rankh # (m) = r. One can ask if there exits an affine coordinates system (x 1 , . . . , x r , y 1 , . . . , y n−r ) such that
where (h i j ) 1≤i, j≤r is invertible and its the inverse of ∂ 2 φ ∂x i ∂x j 1≤i, j≤r and f i j (m) = 0 for any i, j.
Moreover, if the rank of h # is constant near m then the functions f i j vanish.
The answer is no in general for a geometric reason. Suppose that m is regular, i.e., the rank of h is constant near m and suppose that there exists an affine coordinates system (x 1 , . . . , x r , y 1 , . . . , y n−r ) such that
This will have a strong geometric consequence, namely that Imh # = span(∂ x 1 , . . . , ∂ x r ) and the associated affine foliation is parallel, i.e., if X is a local vector field and Y is tangent to the foliation then ∇ X Y is tangent to the foliation. We give now an example of a regular contravariant pseudo-Hessian manifold whose associated affine foliation is not parallel which shows that the analog of Darboux-Weinstein is not true in general.
Example 2.10. We consider M = R 4 endowed with its canonical affine connection ∇, denote by (x, y, z, t) its canonical coordinates and consider
and hence h is a pseudo-Hessian bivector field, Imh # = span{X, Y} and the rank of h is constant equal to 2. However, the foliation associated to
However, when h has constant rank equal to dim M − 1, we have the following result and its important corollary.
Theorem 2.11. Let (M, ∇, h) be a contravariant pseudo-Hessian manifold and m∈M such that m is a regular point and the rank of h # (m) is equal to n − 1. Then there exists an affine coordinates system (x 1 , . . . , x n ) around m and a function f (x 1 , . . . , x n ) such that
and the matrix (h i j ) 1≤i, j≤n−1 is invertible and its inverse is the matrix ∂ 2 f ∂x i ∂x j 1≤i, j≤n−1 .
Corollary 2.12. Let (M, ∇, h) be a contravariant pseudo-Hessian manifold with h of constant rank equal to dim M − 1. Then the affine foliation associated to Imh # is ∇-parallel.
In order to prove this theorem, we need the following lemma.
Proof. Let f be a solution of the equation above. We consider the vector field
and hence, the flow of X f is given by
and α must be constant and hence f is constant.
Proof of Theorem 2.11.
Proof. Let (x 1 , . . . , x n ) be an affine coordinates system near m such that (X 1 , . . . , X n−1 ) are lin-
f j X j and, by virtue of the proof of Theorem 2.4, for any
Or the matrix (h i j ) 1≤i, j≤n−1 is invertible so we get
We consider y = f 1 x 1 + . . . + f n−1 x n−1 − x n , we have h # (dy) = 0 and (x 1 , . . . , x n−1 , y) is an affine coordinates system around m.
On the other hand, there exists a coordinates system (z 1 , . . . , z n ) such that
We deduce that
with h i j = ∂z j ∂x i . We consider σ = n−1 j=1 z j dx j . We have dσ = 0 so according to the foliated Poincaré Lemma (see [6, p.56 ]) there exists a function f such that h i j = ∂ 2 f ∂x i ∂x j .
The divergence and the modular class of a contravariant pseudo-Hessian manifold
We define now the divergence of a contravariant pseudo-Hessian structure. We recall first the definition of the divergence of multivector fields associated to a connection on a manifold.
Let (M, ∇) be a manifold endowed with a connection. We define div ∇ :
. . , e n ) a basis of T x M and (e * 1 , . . . , e * n ) its dual basis. This operator respects the symmetries of tensor fields.
Suppose now that (M, ∇, h) is a contravariant pseudo-Hessian manifold. The divergence of this structure is the vector field div ∇ (h). This vector field is an invariant of the pseudo-Hessian structure and has an important property. Indeed, let d h :
Proof. Let (x 1 , . . . , x n ) be an affine coordinates system. We have
If we take α = dx l and β = dx k , we have
Let (M, ∇, h) be an orientable contravariant pseudo-Hessian manifold and Ω a volume form on M. For any f we denote by
It is obvious that M Ω is a derivation and hence a vector field and M e f Ω = X f + M Ω . Moreover, if (x 1 , . . . , x n ) is an affine coordinates system and µ = Ω(∂ x 1 , . . . , ∂ x n ) then
So in the coordinates system (x 1 , . . . , x n ), we have M Ω = X ln |µ| . This implies d h M Ω = 0. The cohomology class of M Ω doesn't depend on Ω and we call it the modular class of (M, ∇, h). ,
where
the pairing between the bivector field h and the 2-form Hess
Proof. 1. Let (x 1 , . . . , x n ) be an affine coordinates system. Then:
2. This is a consequence of the fact that M Ω and div ∇ (h) are derivation and
The tangent bundle of a contravariant pseudo-Hessian manifold
In this section, we define and study the associated Poisson tensor on the tangent bundle of a contravariant pseudo-Hessian manifold. One can see [7] for the classical properties of the tangent bundle of a manifold endowed with a linear connection.
Let (M, ∇) be an affine manifold, p : T M −→ M the canonical projection and K : T T M −→ T M the connection map of ∇ locally given by
where (x 1 , . . . , x n ) is a system of local coordinates, (x 1 , . . . , x n , µ 1 , . . . , µ n ) the associated system of coordinates on T M and ∇ ∂
For X ∈ Γ(T M), we denote by X h its horizontal lift and by X v its vertical lift. The flow of X v is given by Φ
The following proposition is well-known [7] and can be proved easily.
Proposition 3.1. The connection ∇ on T M given by Let h be a symmetric bivector field on M. We associate to h a skew-symmetric bivector field Π on T M by putting
To prove one of our main result in this section, we need the following proposition which is a part of the folklore.
Proposition 3.2. Let (P, ∇) be a manifold endowed with a torsionless connection and π is a bivector field on P. Then the Nijenhuis-Schouten bracket [π, π] is given by Proof. We will use Proposition 3.2 to prove the equivalence. Indeed, by a direct computation one can establish easily, for any α, β, γ ∈ Ω 1 (M), the following relations
and the equivalence follows. The second part of the theorem is obvious and the only point which need to be checked is that g L is nondegenerate.
The total space of the dual of a Lie algebroid carries a Poisson tensor (see [12] ). If (M, ∇, h) is a contravariant pseudo-Hessian manifold then, according to Theorem 2.4, T * M carries a Lie algebroid structure and one can see easily that Π is the corresponding Poisson tensor on T M. 2. The equivalence of (i) and (ii) in Theorem 3.3 deserves to be stated explicitly in the case of R n endowed with its canonical affine structure ∇. Indeed, let (h i j ) 1≤i, j≤n be a symmetric matrix where h i j ∈ C ∞ (R n , R) and h the associated symmetric bivector field on R n . The associated bivector field Π h on T R n = C n is
where (x 1 + iy 1 , . . . , x n + iy n ) are the canonical coordinates of C n . Then, according to Theorem 2.4, (R n , ∇, h) is a contravariant pseudo-Hessian manifold if and only if (C n , Π h ) is a Poisson manifold.
We explore now some relations between some invariants of (M, ∇, h) and some invariants of (T M, Π).
Proposition 3.5. Let (M, ∇, h) be a contravariant pseudo-Hessian manifold. Then
Proof. Fix (x, u) ∈ T M and choose a basis (e 1 , . . . , e n ) of T x M. Then (e v 1 , . . . , e v n , e h 1 , . . . , e h n ) is a basis of T (x,u) T M with ((e * 1 ) v , . . . , (e * n ) v , (e * 1 ) h , . . . , (e * n ) h ) as a dual basis. For any α ∈ T * x M, we have
In the same way we get that ≺ α h , div ∇ Π ≻= 0 and the result follows.
Let (M, ∇, h) be a contravariant pseudo-Hessian manifold. For any multivector field Q on M we define its vertical lift Q v on T M by
Recall that h defines a Lie algebroid structure on T * M whose anchor is h # and the Lie bracket is given by (2.3). The Poisson tensor Π defines a Lie algebroid structure on T * T M whose anchor is Π # and the Lie bracket is the Koszul bracket
We denote by d h (resp. d Π ) the differential associated to the Lie algebroid structure on T * M (resp. T * T M) defined by h (resp. Π). Proposition 3.6.
(i) For any α, β ∈ Ω 1 (M) and X ∈ Γ(T M),
Proof. The relations in (i) can be established by a straightforward computation. From these relations and the fact that Proof. An element P ∈ Γ(∧ d T T M) is of type (r, d − r) if for any q r P(α v 1 , . . . , α v q , β h 1 , . . . , β h d−q ) = 0, for any α 1 , . . . , α q , β 1 , . . . , β d−q ∈ Ω 1 (M). We have 
Linear and affine contravariant pseudo-Hessian structures
As in the Poisson geometry context, we have the notions of linear and affine contravariant pseudo-Hessian structures. One can see [11] for the notion of cocycle in associative algebras.
Let (V, ∇) be a finite dimensional real vector space endowed with its canonical affine structure. A symmetric bivector field h on V is called affine if there exists a commutative product • on V * and a symmetric bilinear form B on V * such that, for any α, β ∈ V * ⊂ Ω 1 (V) and u ∈ V,
One can see easily
If B = 0, h is called linear.
If (x 1 , . . . , x n ) is a linear coordinates system on V * associated to a basis (e 1 , . . . , e n ) then
where e i • e j = n k=1 C k i j e k and b i j = B(e i , e j ). 
and the result follows.
Conversely, we have the following result. Let (A, •, B) be a commutative and associative algebra endowed with a symmetric scalar 2-cocycle. Then: 1. A * carries a structure of a contravariant pseudo-Hessian structure (∇, h) where ∇ is the canonical affine structure of A * and h is given by
2. When B = 0, the leaves of the affine foliation associated to Imh # are the orbits of the action Φ of (A, +) on A * given by Φ(u, α) = exp(L * u )(α) 3. The associated Poisson tensor Π on T A * = A * × A * is the affine Poisson tensor dual associated to the Lie algebra (A × A, [ , ] ) endowed with the 2-cocycle B 0 where • d − b • c, 0) and B 0 ((a, b), (c, d)) = B(a, d) − B(c, b) .
Proof. It is only the third point which need to be checked. One can see easily that [ , ] is a Lie bracket on A × A and B 0 is a scalar 2-cocycle for this Lie bracket. For any a ∈ A ⊂ Ω 1 (A * ), a v = (0, a) ∈ A × A ⊂ Ω 1 (A * × A * ) and a h = (a, 0). So +B(a, b) .
On the the other hand, if Π * is the Poisson tensor dual, then
In the same way one can check the others equalities.
This proposition can be used as a machinery to build examples of pseudo-Hessian manifolds. Indeed, by virtue of Proposition 2.5, any orbit L of the action Φ has an affine structure ∇ L and a pseudo-Riemannian metric g L such that (L, ∇ L , g L ) is a pseudo-Hessian manifold. Example 4.3. We take A = R 4 with its canonical basis (e i ) 4 i=1 and (e * i ) 4 i=1 is the dual basis. We endow A with the commutative associative product given by e 1 • e 1 = e 2 , e 1 • e 2 = e 3 , e 1 • e 3 = e 2 • e 2 = e 4 , the others products are zero and we endow A * with the linear contravariant pseudo-Hessian structure associated to •. We denote by (a, b, c, d) and X e 1 = y∂ x + z∂ y + t∂ z , X e 2 = z∂ x + t∂ y , X e 3 = t∂ x and X e 4 = 0.
Let us describe the pseudo-Hessian structure of the hyperplane M c = {t = c, c 0} endowed with the coordinates (x, y, z). We denote by g c the pseudo-Riemannian of M c . We have, for instance, g c (X e 1 , X e 1 )(x, y, z, c) = h(e 1 , e 1 )(x, y, z, c) =≺ e 1 • e 1 , (x, y, z, c) ≻= y.
So, one can see that the matrix of g c in (X e 1 , X e 2 , X e 3 ) is the passage matrix P from (X e 1 , X e 2 , X e 3 ) to (∂ x , ∂ y , ∂ z ) and hence
The signature of this metric is (+, +, −) if c > 0 and (+, −, −) if c < 0. One can check easily that g c is the restriction of ∇dφ to M c , where
Multiplicative contravariant pseudo-Hessian structures
A contravariant pseudo-Hessian structure (∇, h) on a Lie group G is called multiplicative if the multiplication m : ∇, h) is affine and sends h ⊕ h to h. Proof. We will denote by χ r (G) (resp. χ l (G)) the space of left invariant vector fields (resp. the right invariant vector fields) on G. It is clear that for any X ∈ χ r (G) and Y ∈ χ l (G), the vector field (X, Y) on G × G is m-related to the vector field X + Y on G:
It follows that for any X 1 ,
If we take Y 1 = 0 = Y 2 we obtain that ∇ is right invariant. In the same way we get that ∇ is left invariant. Now, if we return back to the equation 4.1 we obtain that for any X ∈ χ r (G) and Y ∈ χ l (G) we have ∇X = 0 = ∇Y. This implies that any left invariant vector field is also right invariant ; indeed, if Y = n i=1 f i X i with Y ∈ χ l (G) and X i ∈ χ r (G) then X j f i = 0 for all i, j = 1, ·, n. Hence the adjoint representation is trivial and hence G must be abelian.
At the end of the paper, we give another proof of this Lemma based on parallel transport. Example 4.6. Based on the classification of complex associative commutative algebras given in [14] , we can give a list of examples of affine contravariant pseudo-Hessian structures up to dimension 4.
1. On R 2 :
2. On R 3 : 
Quadratic contravariant pseudo-Hessian structures
Let V be a vector space of dimension n. Denote by ∇ its canonical affine connection. A symmetric bivector field h on V is quadratic if there exists a basis B of V such that, for any i, j = 1, . . . , n,
where the a i, j k,l are real constants and (x 1 , . . . , x n ) are the linear coordinates associated to B. For any linear endomorphism A on V we denote by A the associated linear vector field on V.
The key point is that if h is a quadratic contravariant pseudo-Hessian bivector field on V then its divergence is a linear vector field, i.e., div ∇ (h) = L h where L h is a linear endomorphism of V. Moreover, if F = (A, u) is an affine transformation of V then div ∇ (F * h) = A −1 L h A. So the Jordan form of L h is an invariant of the quadratic contravariant pseudo-Hessian structure. By using Maple we can classify quadratic contravariant pseudo-Hessian structures on R 2 . The same approach has been used by [9] to classify quadratic Poisson structures on R 4 . Note that if h is a quadratic contravariant pseudo-Hessian tensor on R n then its associated Poisson tensor on C n is also quadratic. 
4. Up to an affine isomorphism, there is a unique quadratic pseudo-Hessian structure on R 2 with the divergence having non real eigenvalues h = −2pxy − ux 2 + uy 2 px 2 − py 2 − 2uxy px 2 − py 2 − 2uxy 2pxy + ux 2 − uy 2 .
Example 5.2. The study of quadratic contravariant pseudo-Hessian structures on R 3 is more complicated and we give here a class of quadratic pseudo-Hessian structures on R 3 of the form A ⊙ I 3 where A is linear.
A is diagonal:
h 1 =           x 2 xy xz xy y 2 yz xz yz z 2           and h 2 =           x 2 xy 0 xy y 2 0 0 0 −z 2           . 2. A =           a 1 0 0 a 0 0 0 b           : h 3 =           2x(y − px) (y − px)y + pyx pxz + (y − px)z (y − px)y + pyx 2py 2 2pyz pxz + (y − px)z 2pyz 2pz 2           , h 4 =           2x(y + px) (y + px)y − pyx pxz + (y + px)z (y + px)y + pyx −2py 2 0 pxz + (y + px)z 0 2pz 2           .
Right-invariant contravariant pseudo-Hessian structures on Lie groups
Let (g, •) be a left symmetric algebra, i.e., for any u, , v, w ∈ g, ass(u, v, w) = ass(v, u, w) and ass (u, v, w) 
This implies that [u, v] = u • v − v • u is a Lie bracket on g and L : g → End(g), u → L u is a representation of the Lie algebra (g, [ , ]). We denote by L u the left multiplication by u.
We consider a connected Lie group G whose Lie algebra is (g, [ , ]) and we define on G a right invariant connection by
where u − is the right vector field associated to u ∈ g. This connection is torsionless and without curvature and hence (G, ∇) is an affine manifold. Let r ∈ g ⊗ g which is symmetric and let r − be the associated right invariant symmetric bivector field. 
Proof. For any α = (α 1 , α 2 ), β = (β 1 , β 2 ), γ = (γ 1 , γ 2 ) ∈ Φ(g) * ,
Let G be a Lie group whose Lie algebra is (g, [ , ]) and let ρ : G −→ GL(g) be the homomorphism of groups such that d e ρ = L where L : g −→ End(g) is the representation associated to •. Then the product (g, u) .
induces a Lie group structure on G × g whose Lie algebra is (Φ(g), [ , ] ). The complex endomorphism J 0 and the left symmetric product ⋆ induce a right invariant complex tensor J − 0 and a a right invariant connection ∇ given by
Let r ∈ ⊗ 2 g symmetric such that [[r, r]] = 0, r − the associated right invariant symmetric bivector field and ∇ the affine connection given by (6.1). Then (G, ∇, r − ) is a contravariant pseudo-Hessian manifold and let ∇, J and Π be the associated structure on TG defined in Section 3. Theorem 6.4. If we identify TG with G × g by u g −→ (g, T g R g −1 u g ) we denote also by Π, ∇ and J the images of Π, ∇ and J under this identification then Π = R − , ∇ = ∇ and J = J − 0 . To prove this theorem, we need some preparation. 
Then V is parallel along γ with respect ∇ if and only if
Proof. We consider (u 1 , . . . , u n ) a basis of g and (X 1 , . . . , X n ) the corresponding right invariant vector fields. Then
and the result follows having in mind that u − is the right invariant vector field associated to u ∈ g.
Let (G, ∇) be a Lie group endowed with a right invariant connection. Then ∇ induces a splitting of T TG = ker d p ⊕ H. For any tangent vector X ∈ T g G, we denote by X v , X h ∈ T (g,u) TG the vertical and the horizontal lift of X. Proposition 6.6. If we identify TG to G × g by X g → (g, T g R g −1 (X g )) then for any X ∈ T g G, X v (g, u) = (0, T g R g −1 (X)) and X h (g, u) = (X, T g R g −1 (X) • u).
Proof. The first relation is obvious. Recall that the horizontal lift of X at u g ∈ TG is given by:
where V : [0, 1] −→ TG is the parallel vector field along γ : [0, 1] −→ G a curve such that γ(0) = g and γ ′ (0) = X. If we denote by Θ R : TG −→ G×g the identification u g → (g, T g R g −1 (u g )) then, by virtue of Proposition 6.5,
We consider now a left symmetric algebra (g, •), G a connected Lie group associated to (g, [ , ]), ∇ the right invariant affine connection associated to •. We have seen that G × g has a structure of Lie group. We identify TG to G × g and, for any vector field X on G, we denote by X v and X h the vector fields on G × g obtained by the identification from the horizontal and the vertical lift of X. For a, b ∈ g, α, β ∈ g * , a − (resp. α − ) is the right invariant vector field (resp. 1-form) on G associated to a (resp. α), (a, b) − (resp. (α, β) − ) the right invariant vector field (resp. 1-form) on G × g associated to (a, b) (resp. (α, β)). 21 Proposition 6.7. For any (a, b) ∈ g × g and (α, β) ∈ g * × g * ,
Proof. We have (a, b) − (g, u) = T (e,0) R (g,u) (a, b) = d dt |t=0 (exp(ta), tb)(g, u)
= d dt |t=0 (exp(ta)g, tb + ρ(exp(ta))(u))
. (Proposition 6.5)
The second relation can be deduced easily from the first one.
Proof of Theorem 6.4 .
Proof. Let Π be the Poisson tensor on G × g associated to r − . Then, by using the precedent proposition,
= R − ((α 1 , β 1 ) − , (α 2 , β 2 ) − ).
In the same way, So we get τ γ 1 γ 2 (T a R b (u)) + τ γ 1 γ 2 (T b L a (v)) = T c R d (τ γ 1 (u)) + T d L c (τ γ 2 (v)).
If we take v = 0 and γ 2 (t) = b = d. We get
and hence ∇ is right invariant. In the same way we get that ∇ is left invariant. And finally τ γ 1 γ 2 (T a R b (u)) = T c R d (τ γ 1 (u)) and τ γ 1 γ 2 (T b L a (v)) = T d L c (τ γ 2 (v)).
If we take γ 2 = γ −1 1 we get that τ γ 1 (u) = T a R a −1 c (u) = T a L ca −1 (u).
This implies that the adjoint representation is trivial and hence G must be abelian.
